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How the Monte Carlo simulation works, and the data and research it rests on.
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1. What is being modeled

The simulator evaluates a retirement spending strategy that keeps the money invested in
equities and, each year, withdraws what a life annuity would pay on the current balance. It is
explicitly not a model of buying an annuity: there is no mortality pooling and no income guarantee,
S0 a poor sequence of early returns can deplete the balance. The annuity payout is used only as a
spending rule — a longevity-aware way to decide how much to take each year.

Around that core, optional household extensions (Section 6) add income streams, accounts
holding fixed-income asset classes (with a correlated return model and per-account distribution
taxes), a real income-tax schedule, and stochastic long-term-care events funded by a user-set asset
split (with debt once everything is exhausted); with all of them off, the model is exactly the equity-
only strategy above.

A single run projects one random path; the Monte Carlo driver repeats this over thousands of paths
and reports the distribution of outcomes.

The pieces and their data flow:

Pricing (per-year annuity payout):
SOA 2012 IAM tables —> _annuity pricing.py (local, default)

immediateannuities.com —> _annuity_quote.py (optional: site quotes)

Scenarios (equity + inflation):
_market_data.py = US, 1928-2025
_global_market_data.py —F—> _equity_model.py global/postwar (JST);
| world index (JST + Big Bang)
Simulation:

_withdrawal_projection.py (one path) —> _montecarlo.py (many paths + CIs)

2. The inputs, option by option

Every input below appears on the web form. This section explains what each does and why it is
there; later sections give the underlying math. Defaults shown are the form defaults.

2.1 Who, and how much



« Amount — the starting invested equity balance, in today's dollars. On the web form this is not
a separate input: it is the sum of the accounts' Equities holdings (Section 2.7; the form
starts with one account holding \$1,000,000 of equities). Outcomes scale almost linearly with
it, so it mainly sets the units.

« Age (default 65) and Gender (default M) — the primary annuitant. These select the mortality
table used to price the payout (Section 4): an older age implies fewer expected remaining
years, so the annuity-equivalent payout rate is higher. Allowed ages are 40-90.

- Joint age / Joint gender (default 65/ F) — an optional second life. When both are given the
payout is priced as a last-survivor annuity, which pays while either person is alive. Because
a couple's combined lifespan is longer than one person's, the payout rate is lower — more
conservative spending — than for a single life. Leave both blank for a single-life projection;
the default models a 65-year-old couple.

« State — used only with live site quotes, where insurer payouts vary by state of residence.
Under the default local pricing it is ignored (use any value, or OTHER ).

2.2 How long, and how many

« Years (default 35) — the projection horizon. 35 years reflects planning to roughly age 100 for
a 65-year-old, i.e. provisioning for longevity rather than just life expectancy.

» Sims (default 5,000) — the number of independent random paths. More simulations give
smoother, more stable percentiles at the cost of run time.

» Seed (default blank) — the random-number seed. Blank draws fresh each run; setting an
integer reproduces an identical run, which is useful for comparing one changed input at a
time.

2.3 The return scenario

» Model (default world) — which historical return sample to draw from: us, global, postwar, or
world (Section 3). The default, world, is a cap-weighted world index — what a US holder of a
world-index fund would have experienced. The US has been an outlier, so global and
postwar give a more cautious, internationally-grounded picture.

« Block length (default 5 years) — the length of each resampled run of consecutive years. It
controls how much sequence risk — multi-year runs of good or bad markets, and persistent
inflation — is carried into each path. A length of 1 is an 11D resample with no persistence;
larger blocks impose more.

2.4 Spending guardrails (the withdrawal cap)

The annuity-equivalent rule re-prices the payout on the current balance every year, so spending
naturally rises after good markets and falls after bad ones. An optional factor caps that, expressed
as a multiple of year 1's spending in today's dollars:



« Upper bound (default 1.5) — the maximum factor. It caps spending so that, even after a
strong market run, you never withdraw more than 1.5x your first-year amount in real terms. Its
purpose is to preserve capital when the market does very well rather than ratcheting
consumption up with every gain — leaving more invested for later years and for a bequest.
Without a cap, a few good early years pull both spending and depletion risk up sharply.

There is no lower bound (floor): the equity payout funds wants, not needs. Essential spending is
meant to be covered by secured, inflation-indexed income — Social Security, a TIPS ladder —
modelled here as indexed income streams (Section 6.1), so the discretionary equity spending has
no minimum. This variability is itself the guardrail: spending falls in bad markets and rises in good
ones, the function a Guyton—Klinger rule serves. A separate, tighter cap — the LTC routine cap
(Section 6.4) — replaces the upper bound in any year an annuitant is in long-term care, throttling
discretionary spending down so more of the portfolio stays invested as the care reserve.

The cap clamps the cash actually withdrawn, so the effect feeds back into the surviving balance
(Section 5). Leaving the upper bound blank disables it. It applies to the normal (annuity-
equivalent) spending only: long-term-care costs (Section 6.4) are non-discretionary and are never
capped.

2.5 Pricing the payout

» Quotes (default local) — how the payout is priced: local uses the offline SOA mortality-table
model (Section 4); site fetches a live quote from immediateannuities.com. Local is the default
and is what the web app uses; site requires network access and a valid State.

 Interest rate (default 4.3%) — the discount rate used to price the payout in local mode
(Section 4.2). A higher rate raises the payout, and thus the withdrawal. In constant-inflation
mode it is fixed for the whole projection; in dynamic mode it is the starting rate (Section 9). It
has no effect under site quotes.

» Scale G2 mortality improvement (default on; local only) — projects the 2012 base mortality
forward for expected future gains in longevity (Section 4.3). Because people are assumed to
live longer, the payout rate is lower (more conservative).

« Simulate annuitant mortality (default off) — each path also draws a year of death for every
annuitant from the same SOA tables used for pricing (Scale-G2-projected when that option is
on; lives independent). The year of death still receives its spending and return; when the last
survivor dies the simulation ends — the balance is frozen at its value at death, with no further
spending, returns, or inflation, so the ending balance is the estate at death (Section 5). The
summary gains a "Years of payments" row; the mean annual spending and total-return
statistics cover only the years each path actually ran; every per-year statistic and chart --
balance and spending alike -- covers only the paths whose simulation is still running that year
(ended paths are treated as nonexistent, not as zeros or frozen estates); and a "Lives"
column reports the mean number of annuitants alive at the start of each year (2 in year 1 with
a joint annuitant, 1 otherwise).



2.6 Inflation handling

« Inflation (default blank) — in constant mode, the single assumed annual CPI rate used to
express results in today's dollars (Section 3.1). Real (today's-dollar) outcomes are essentially
invariant to this number, because each sampled year's return is restated onto the chosen
basis; it mainly affects the nominal-dollar figures. A blank reads as 0%, and it is ignored in
dynamic mode (which samples its own inflation).

« Dynamic inflation + rate (default on; us /world samples + local only) — instead of a
constant assumption, each path uses its own sampled inflation and a discount rate that
evolves with it (Section 9). It requires the sampled inflation to be US inflation, which the rate
model is calibrated on — true of the us sample and of the world index (whose series pairs
USD returns with US CPI); it is disabled for the cross-country global/postwar samples.

2.7 Household extensions (web form: the Long-term care, Income, and
Accounts tabs)

The web form spreads its inputs over four tabs — Annuitants & Simulation (Sections 2.1-2.6),
Long-term care, Income, and Accounts — plus a Results tab that appears after a run. Apart from
the accounts (which supply the equity portfolio itself), the household inputs default to off, in which
case the simulation reduces exactly to the equity-only model. Section 6 gives the mechanics.

« Income streams (default none) — any number of rows, each with:

o Amount — today's dollars per year;

o Indexed to inflation (default yes) — indexed streams are constant in real terms (like
Social Security); non-indexed streams are constant in nominal terms (like most private
pensions), so their real value erodes with inflation;

o Taxable (%) (default 100) — the share counted as ordinary taxable income (85% is
typical for Social Security);

o Ends at death of (default no one) — blank streams pay while any annuitant is alive; a
stream tied to the primary or joint annuitant stops at that person's death (choosing a
person automatically enables Simulate annuitant mortality).

« Accounts (default none) — any number of accounts (IRA, 401(k), brokerage, ...), each
holding dollars in up to five asset classes: Equities plus four fixed-income classes modeled
on proxy ETFs — short-term TIPS (VTIP), medium-term TIPS (TIP), money market (BIL),
and bonds (BND) (Section 6.2). Each account also sets how its distributions are taxed: as
ordinary income (IRA-style) or at a flat rate (for a taxable brokerage account, a rate below
the capital-gains rate is appropriate, since part of every sale is untaxed return of capital). The
equity portfolio is the sum of the accounts' Equities holdings — there is no separate
amount input, so at least one account must hold equities.

« Income tax (defaults: 2025 US federal schedules) — a deduction plus marginal tiers, entered
separately for single and married filing jointly, applied to real values only (Section 6.3).



« Simulate long-term-care events (default off) — draws stochastic long-term-care (LTC)
events independently for each annuitant (Section 6.4). Requires — and in the web form
automatically enables — Simulate annuitant mortality, because care lasts until death. Six
parameters control the model:

o LTC annual probability (default 0.08) — the yearly onset hazard once eligible.

o LTC start age (default 84) — the age from which onset is possible.

o LTC cost (default \$150,000) — the cost of care in today's dollars per person per year,
constant in real terms.

o LTC mortality factor (default 1.2) — the multiplier applied to the table mortality rate
while in care.

o LTC funded from fixed income (%) (default 50) — the share of any LTC funding
shortfall sold from the fixed-income sleeve; the rest is sold from the equity portfolio.

o LTC routine cap (default 0.4) — the tighter withdrawal cap on routine ("wants")
spending that replaces the upper bound while any annuitant is in care (Section 6.4);
blank keeps the normal cap.

3. The equity and inflation scenario model

Each projected year needs a nominal equity return (to grow the account) and an inflation rate (to
express results in today's dollars). Because equity returns and inflation are correlated, they are
drawn jointly rather than independently — a sampled year always carries both numbers together.

Data sources. Two paired annual datasets are available:

« United States, 1928-2025 (98 years): S&P 500 nominal total return (dividends reinvested),
from Damodaran / NYU Stern [4], paired with CPI-U annual-average inflation [5].
('src/_market_data.py)

- Broad developed markets, 1871-2020 (16 countries that have equity data; ~2,260 country-
years): per-country nominal equity total return and CPI inflation from the Jorda-Schularick-
Taylor Macrohistory Database [14] ( src/_global_market_data.py ). The US has been an
ex post outlier among developed markets — its realised returns sit near the top of the cross-
section and its worst drawdowns are mild next to the war- and hyperinflation-era losses other
countries suffered — so a forward-looking distribution is arguably better drawn from many
markets than from the US alone [15].

« Cap-weighted world index, 1950-2025: a single yearly USD return series — reconstructed
through 2008 from the same JST country returns weighted by each country's stock market
capitalization from the Kuvshinov-Zimmermann "Big Bang" database [16], and the
realized returns of the VT world-index ETF from 2009 (Section 3.2).

Sampling. All samples use a circular block bootstrap [3]: consecutive runs of block_length
years (default 5) are resampled and stitched together, wrapping around the series end. Versus an
IID resample this preserves serial correlation — momentum, mean reversion, and multi-year runs



of high or low inflation — which is what makes sequence-of-returns risk show up and which widens
the left tail of multi-year outcomes. (Historical resampling is preferred over normal-based Monte
Carlo for retirement risk work, which understates tail risk and overstates safe withdrawal rates [1,
2].) For the multi-country samples each block is drawn from a single country (countries weighted
by their number of years), so within-country sequence risk is preserved while the cross-section of
national outcomes enters the distribution.

Four return samples are offered ( src/_equity_model.py , the "Model" input):

» us — the US series alone (1928-2025).

» global — the full broad developed-market sample (1871-2020). The most cautious: it
includes catastrophic equity outcomes the US never experienced (e.g. Germany and Japan
around WWII, with real one-year losses near —90%).

« postwar — the same broad sample restricted to 1950 and later. The rationale is that the
post-WWII global order (Bretton Woods and its successors, no great-power war among
developed economies, modern independent central banking) is a more relevant guide to the
future than the 1870-1945 era of world wars and hyperinflations. It sits between us and
global — broader than the US, but without the pre-war disasters.

» world — the cap-weighted world index (1950-2025, Section 3.2), sampled as a single series
like us. Where global/postwar weight every country-year equally (a "pick a random country's
history" view), world weights countries by actual market size, so it represents the buy-the-
world portfolio rather than the cross-section of national experiences.

Each report prints summary statistics for the chosen sample (in real terms, so hyperinflation years
do not distort them).

3.1 Two inflation modes

The simulator supports two ways of handling inflation:

« Constant (default). Inflation is a single assumption (the Inflation input, default 2.5%), used
only to deflate results to today's dollars, and the annuity discount rate is fixed (the Interest
rate input, default 4.3%). To keep the equity series consistent with the constant assumption,
each sampled year's nominal equity return is restated onto that basis — its embedded
historical inflation is stripped out (preserving the real return) and the constant rate re-applied:

real = (1 + nominal) / (1 + historical_inflation) - 1 restated = (1 + real) x (1 +

assumed_inflation) - 1
so the historical inflation once correlated with equity has no residual effect.

« Dynamic (the "Dynamic inflation + rate" toggle). Inflation is not held constant: each path uses
its own per-year sampled inflation directly (from the block bootstrap, so persistence is
preserved), it deflates results to today's dollars, and it drives an evolving annuity discount



rate. Equity is used as drawn (no restatement), so the historical equity/inflation pairing stays
intact. Section 9 specifies and estimates this mode. Dynamic mode is available with the us
and world samples (and local pricing): the discount-rate model is calibrated on US data, and
both of those samples draw US inflation — the world index pairs its USD returns with US CPI,
so its sampled inflation is US inflation by construction. Evolving the rate model from a foreign
— possibly hyperinflation — series is not meaningful, so the cross-country global and
postwar samples always use the constant-inflation mode (their results are real, and real
outcomes are invariant to the constant chosen).

3.2 The cap-weighted world index

The world sample is a FTSE-Global-All-Cap-style index reconstructed back to 1950 — the year
from which market-capitalization data is essentially complete for all the developed markets — from
two sources by the same research group: country returns, exchange rates, and US CPI from the
JST Macrohistory Database [14], and each country's stock market capitalization from the
Kuvshinov—Zimmermann "Big Bang" database [16]. For each year t:

1. Each country's nominal local-currency return is converted to US dollars through the change in
its exchange rate: r_usd = (1 + r_local) x xr(t-1)/xr(t) - 1.

2. Countries are weighted by their end-of-year-(t—1) market capitalization in USD — the
weights a passive world-index holder would have carried into the year. Interior single-year
gaps in a country's capitalization series are filled by log-linear interpolation; a country enters
the index the year after its series starts (as a real index adds a market).

3. The index nominal USD return is the weighted average of the country USD returns, and it is
paired with US CPI inflation — so a sampled year carries exactly what a US investor in an
unhedged world-index fund experienced: dollar returns deflated by dollar prices.

From 2009 on the reconstruction is replaced by the realized annual total returns of VT
(Vanguard Total World Stock ETF, the investable FTSE Global All Cap fund; inception June 2008),
paired with the BLS US CPI series used by the us sample. VT is the real-world version of the same
object — a cap-weighted world index held in USD — and it carries the series past the 2016 end of
the market-capitalization data. In the 2009-2017 overlap the reconstruction tracks VT to within a
few percentage points each year (VT adds emerging markets and small caps that the 16-market
reconstruction lacks); the realized fund returns are used wherever they exist.

The derived series ( data/global_index.csv , with the per-year weights of the reconstructed
portion in data/global_weights.csv for inspection) spans 1950-2025 and behaves like the
familiar world indices: the US is ~76% of world capitalization in 1950, Japan overtakes it briefly at its
1989 bubble peak (~44%), and the US is near 60% today; the worst year is 2008 at about —-39% in
nominal USD. Because the US dominates the weights for most of the sample, results sit closer to
us than to global, while still carrying the diversification (and the Japan-style stagnation episodes) of
the other markets.



Because the index's inflation series is US CPI — the deflator an American holder of a world-index
fund actually faces — the dynamic inflation/rate mode (Section 9) works with this sample exactly as
it does with us: the sampled inflation driving the US-calibrated discount-rate model is US inflation.

4. Annuity pricing (local SOA-table model)

By default the per-year payout is priced offline from published mortality tables
('src/_annuity_pricing.py ); live quotes from immediateannuities.com [6] are an opt-in alternative
(the Quotes = site input).

4.1 Mortality tables

The base mortality is the Society of Actuaries 2012 Individual Annuity Mortality (IAM) Basic
Table, by sex, age-nearest-birthday [7]:

e soa_mortality_2581.csv — 2012 IAM Basic Table — Male, ANB (ages 0-120)
e soa_mortality 2582.csv — 2012 IAM Basic Table — Female, ANB (ages 0-120)

These are annuitant tables: annuitants are healthier and longer-lived than the general population.
Optional generational mortality improvement uses SOA Projection Scale G2 [7]:

e soa_mortality 2583.csv — Projection Scale G2 — Male, ANB (ages 0-105)
e soa_mortality_2584.csv — Projection Scale G2 — Female, ANB (ages 0-105)

4.2 Actuarial present value

With a flat interest rate i and survival probabilities tpx (the probability a life now aged x survives
t years, built from the table's one-year mortality rates q_x ), the actuarial present value of \$1 per
year of income paid monthly, in arrears, while alive is [8]:

v :1/(1+1)
a_x = sum over t =2 1 of vAt . tpx (annual annuity-immediate)
a_xN(12) = a_x + 11/24 (Woolhouse 2-term, m = 12)

The premium buys income at that price, so the level annual payout is

annual_payout = premium / a_x/(12).

For two lives, a last-survivor annuity pays while either is alive; its factor follows from inclusion—
exclusion [8],



a_ LS =ax + ay- axy,

where a_xy (both alive) uses the product of the two independent survival curves, with the same
+11/24 monthly adjustment. The table's top age (120) is treated as certain death, so the survival
curve terminates cleanly.

4.3 Mortality improvement (Scale G2)

With --improvement , the 2012 base rates are projected forward generationally to the quote year

[71:
g_a(year) = g_a(2012) - (1 - g2_a)~N(year - 2012),

applied as each cohort ages, so the calendar year at attained age a is quote_year + (a -
start_age) . Improvement lengthens lifespans and therefore lowers the payout. (Scale G2 grades
to zero by its terminal age; attained ages beyond it receive no further improvement.)

4.4 Calibration against the market

The model carries ho insurer expense, profit, or interest-rate load, so it is a clean actuarial
benchmark rather than a marketed quote. Compared against live immediateannuities.com quotes
[6] for ages 60/65/70/80, the model pays roughly 80-94% of the site at 3.5% interest and matches
the site at about 5% interest; at the default 4.3% it sits between these, slightly below parity. That
~5% is consistent with a current 10-year nominal yield of roughly a 2.3% real rate plus ~2.5%
inflation (Section 9).

5. The spending mechanism (one path)

Starting from the invested amount , for each projected year ( src/_withdrawal_projection.py ):

1. Price the monthly annuity payout per dollar at the current age and balance (Section 4); the
payout is linear in premium, so one rate per age is computed and scaled.

2. Withdraw 12 x that monthly payout from the balance — the year's normal spending.

3. Apply the household cash flows, if any (Section 6): income in, LTC costs out (funded per the
LTC split when they exceed income), income tax on the year's taxable flows.

4. Grow the remaining equity balance by that year's nominal equity return, and each fixed-
income asset by its own simulated real return.

5. Increment the age(s) by one and repeat.

An optional upper bound caps the annual normal spending in today's dollars, as a factor of year
1's spending (e.g. cap at 1.2x); while any annuitant is in long-term care a tighter LTC routine cap



(Section 6.4, default 0.4x) applies instead. There is no floor. The clamp is applied to the cash
actually withdrawn, so it feeds back into the surviving balance.

With Simulate annuitant mortality on, each path first draws a curtate lifetime for every annuitant
by inverse transform on the same survival curves used for pricing (Section 4). Both annuitants are
alive at the start of year 1 (they bought in); a life that dies during year t still takes year t's spending
and earns year t's return (the annuity pays monthly while alive). The simulation ends with the last
survivor's death: from the following year the path is over — no spending, no growth, no further
inflation — and the balances are simply frozen at their values at death, so the path's ending balance
is the estate at death in that year's today's-dollar terms. The spending formula itself is unchanged by
the first death of a joint pair: a last-survivor annuity keeps paying the same amount while either life
survives, so the annuity-equivalent spending does too. (When long-term care is simulated, the
lifetimes are instead drawn jointly with the care states — Section 6.3 — because being in care
raises mortality.)

6. Household extensions: assets, income, taxes, and long-term
care

Broader household modeling, all optional and off by default. The household's spending rule is:
spend all income plus the annuity-equivalent equity proceeds every year. Nothing is reinvested;
the fixed-income holdings are left to grow and are sold only to fund long-term-care shortfalls. Each
year the household is alive, after the normal spending is withdrawn from equity (all in real terms):

income_t = X streams still paying (indexed: constant real;
non-indexed: deflated by cum. inflation)

shortfall_t = max(@, ltc_cost_t - income_t)

funding: a fraction s (the LTC funding split) of shortfall_t is sold
pro-rata from the fixed-income holdings, the rest from equity;
if one side runs out the remainder moves to the other, and once
everything is exhausted it accrues as DEBT (constant in real
terms — a negative fixed-income balance).

taxes_t = income tax on real taxable income (Section 6.3)
+ flat-rate tax on flat-taxed distributions

spending_t = payout_t + max(income_t, ltc_cost_t) - taxes_t

(The max is the income-first identity: income covers LTC before assets are sold, so income + draws
= max(income, LTC).) The annuity-equivalent (normal) spending is always priced on and taken from
the equity portfolio only; the fixed-income holdings never enter the payout pricing.

6.1 Income streams



Each stream is entered in today's dollars per year. Indexed streams are constant in real terms (the
nominal amount grows with cumulative inflation); non-indexed streams are constant in nominal
terms, so the real amount received in year tis amount + cumulative inflation through t.A
stream pays while any annuitant is alive, unless it is tied to a specific annuitant, in which case it
stops at that person's death (the death year itself still pays, matching the payout convention). The
taxable percentage of each stream enters the ordinary-income tax base.

6.2 Accounts and the fixed-income asset model

Accounts hold dollars in Equities and four fixed-income asset classes. The equity in all accounts is
pooled: the annuity-equivalent spending is priced on and withdrawn from the total, pro-rata across
accounts — and since every account's equity earns the same return, each account's share of the
pool is constant, which is what makes the per-account tax treatment of equity distributions exact.

The fixed-income classes are modeled on proxy ETFs and simulated by src/_asset_model.py as
annual real returns conditioned on each path's inflation and equity return:

real_i(t) = MU_i + B_INFL_i x infl_dev(t) + B_EQ_ i x eqg_dev(t) + eps_i(t)

where infl_dev is the year's inflation minus the path's average (an inflation surprise —
identically zero in constant-inflation mode, where anticipated inflation is priced into yields), eq_dev
the real equity return minus a 6% anchor, and eps a draw from a multivariate normal whose
correlation matrix ties the three duration assets together (TIP-BND 0.75, VTIP-TIP 0.75, VTIP—
BND 0.50, BIL ~0.2-0.3 with the rest). The calibration (editable constants in _asset_model.py ,
assembled by judgment from the ETFs' 2004—2025 history and longer index proxies):

resid.

asset proxy E[real] B_INFL B_EQ od rationale
Short-term inflation accrues to the holder; ~2.5yr
VTIP | 1.0% +0.10 0.00 2.0% .
TIPS duration
Medium- TIP 1.8% 0,60 0.05 5 5% protected principal but ~7yr real-rate risk
term TIPS 70 ' ' =70 (2022: real = —18%)
Money BIL 0.5% -0.25 0.00 1.2% T-bill rates lag inflation surprises
market
~6yr nominal duration: inflation erodes
Bonds BND 2.0% -1.50 0.10 4.5% coupons and raises yields (2022: real =

~19%)

So nominal bonds are hurt by inflation surprises while TIPS are largely protected — the covariance
the household actually cares about. Balances are tracked in real dollars per account and asset;
LTC-funding sales are pro-rata across every positive balance. Debt (once everything is exhausted)
is carried as a negative balance, constant in real terms.



Reported ending balances are the total estate — equity plus the net fixed-income sleeve — with
an "of which fixed income (net)" row showing the component, and the share of paths ending in
debt is reported. A dedicated fan chart shows the net sleeve over time; unlike the other charts its
axis extends below zero.

6.3 Income tax

A simple progressive schedule — a deduction plus marginal tiers (income level where the tier
starts, marginal rate) — entered separately for single and married filing jointly filers and applied
to real (today's-dollar) values only, so brackets never creep: the tool does not produce nominal
tax figures beyond restating the real ones. The married table applies in years both annuitants are
alive at the start of the year, the single table otherwise. Form defaults are the 2025 US federal
brackets and standard deductions.

The ordinary tax base each year is: the taxable share of the income streams, plus all distributions
from accounts taxed as income — that account's share of the equity payout and of any LTC-
funding sales. Accounts taxed at a flat rate instead pay rate x distributions, outside the tiers.
Taxes reduce the household's spendable cash (the spending figures are net of taxes); they never
reduce the balances themselves.

6.4 Long-term care

LTC events are simulated per annuitant, independently — with a joint annuitant each person has
their own onset and mortality draws, so one, both, or neither may need care. Because entering care
raises mortality, lifetimes cannot be drawn from the plain survival curve; instead each person's life is
walked year by year ( _montecarlo.simulate_lives_ltc):

1. Onset. From 1ltc_start_age (default 84) onward, a person who is alive and not yet in care
enters care that year with probability 1tc_prob (default 8%).

2. Persistence. Care lasts until death — there is no recovery state.

3. Cost. Each person-year in care (including the onset year and the year of death) costs
ltc_cost (default \$150,000) in today's dollars, constant in real terms; the nominal cost
grows with cumulative inflation. If both members of a couple are in care simultaneously, both
costs apply.

4. Mortality. While in care, the person's one-year mortality rate becomes min(1, gq_x x
ltc_mort_factor) (default factor 1.2), with g_x from the same SOA table used for pricing
(Scale-G2-projected when that option is on). Death draws use these adjusted rates year by
year.

Calibration. The defaults are set to reproduce a commonly cited male statistic: about a 50%
chance of needing long-term care sometime after age 83. Simulated from the SOA tables, the
8%l/yr hazard from age 84 gives a ~46% chance of an event for a male who reaches 84 (~30%
unconditionally from age 65), with a mean of roughly six years in care at the 1.2 mortality factor. All



four parameters are user inputs, so the incidence, timing, cost, and severity can be recalibrated
freely — e.g. a higher mortality factor shortens stays and cuts lifetime cost.

Funding. LTC costs are paid out of the year's income first. Any shortfall is funded by selling assets
per the LTC funding split: a user-set fraction (default 50%) pro-rata from the fixed-income holdings
and the rest from the equity portfolio, with spillover to the other side when one runs out, and debt
once both are exhausted (Section 6.2).

Routine-spending cap during care. In any year an annuitant is in care, the routine (annuity-
equivalent) withdrawal is capped by the tighter LTC routine cap 1ltc_cap (default 0.4x year-1
spending) in place of the normal upper bound (Section 2.4). The premise is behavioural:
discretionary "wants" spending — travel, entertainment, shopping — collapses when someone
needs care, just as the care cost spikes. Throttling it leaves more of the equity portfolio invested and
available to fund the care and the bequest, so the net drag of an LTC event on the estate is
materially smaller than its gross cost. The trigger is household-level — any one annuitant in care
throttles the whole household's routine withdrawal — and, with no floor in the model, there is no
cap/floor conflict. The care cost itself is never capped (below); only the routine spending is.

Spending accounting. LTC costs are additional, non-discretionary spending: they are not
subject to the withdrawal cap (Section 2.4) — only the routine spending is (throttled by the LTC
routine cap above while in care) — and the reported spending figures — the per-year table, the
spending fan chart, and the "Mean annual spending" summary row — show the total household
spending payout + max(income, LTC) - taxes .A path's spending is therefore elevated by the
care cost from onset until that person's death, which is visible as a step in the upper spending
percentiles as care prevalence builds with age. The per-simulation audit CSV keeps the
components separate ( spending_* = normal payout, income_real, taxes_real, ltc_cost_*,
per-annuitant in-care flags), so every total can be reconciled.

Reporting. The report adds the share of paths with an event, the mean years in care per person
entering care, per-annuitant incidence with median onset ages, and — on the fan charts — one
labeled marker per annuitant at that person's median onset year, placed on the median line and
identified as the primary or joint annuitant.

7. Monte Carlo aggregation

src/_montecarlo.py runs many independent paths (default 5,000) and summarizes the
distribution:

« Ending balance, in both nominal and today's dollars: mean, median, and the central 80% |/
90% | 95% | 99% confidence intervals. A "C% interval” is the central range covering C% of
outcomes —the [(1600-C)/2, 100-(100-C)/2] percentile band (e.g. 80% = 10th—90th
percentile). With the household extensions active, the ending balance is the total estate
(equity plus the net fixed-income sleeve, net of debt).



« Annual spending by year, in today's dollars: the same statistics, per year (total household
spending — income and LTC costs included, taxes deducted — when the extensions are
active).

« Downside: the share of paths whose real ending balance finishes below the starting amount
(equity plus the accounts' starting fixed income), and below half of it; with the extensions
active, also the share of paths ending in debt.

« Worst real returns: the worst single-year and worst cumulative five-year real (inflation-
adjusted) equity total return seen anywhere in the run. This is the market return itself, before
any withdrawal — not the change in the account balance, which falls by more in a down year
because spending is also taken out.

The annuity-rate cache is built once per run and reused across all paths, so pricing cost (and any
network traffic) stays at roughly one rate per age regardless of the number of simulations.

7.1 Historical cohort overlays

Alongside the bootstrap fan, the balance and spending charts overlay a few deterministic actual-
history paths — one per notable retirement start year (1966, 1973, 2000, 2007, ...). Each runs the
strategy through the actual consecutive historical returns from that year (no resampling, no
wrapping), so a recent start year simply yields a shorter line as its history runs out. These cohorts
assume full survival through the available history with no long-term-care events — they isolate
the market-sequence effect — so on the spending chart they show routine (annuity-equivalent plus
income) spending and sit below the LTC-inclusive median. The rate path is the rate model's shock-
free central path (still reacting to that history's inflation surprises) and fixed-income returns use their
conditional mean. Overlays are offered only for the single-series us and world samples; the
cross-country global/ postwar samples pool many countries' timelines, for which a single "retire in
year t" cohort is not defined.

8. Key assumptions and caveats

« This models spending the annuity-equivalent amount while staying invested. It is not an
annuity purchase — no mortality pooling, no income guarantee. Because the full annuity
payout includes return of principal, the spending rate is high and the real balance typically
erodes; single-life runs commonly finish below the starting amount in real terms. This is
expected model behavior, not a defect. At extreme ages the payout rate is very large (roughly
20-27% of the balance per year in the late 90s), so surviving high-balance paths post very
large spending years unless capped.

« Local pricing omits insurer loads, so it is an actuarial benchmark, not a quotable rate; results
are sensitive to the assumed interest rate.

 Historical calibration assumes the 1928-2025 distribution is informative about the future,
which may not hold.



» Mortality follows population-level annuitant tables; no individual health underwriting is
performed.

» The household extensions (Section 6) remain deliberately simple: the tax model is a single
ordinary schedule on real values (no capital-gains brackets, RMDs, IRMAA, state tax, or
Social Security taxation formula — the stream's "taxable %" approximates that); the fixed-
income return model is a judgment calibration to ETF history, not an estimated term-structure
model; the LTC parameters default to a male-derived calibration but are applied to every
annuitant; LTC cost is constant in real terms with no regional variation, insurance, or Medicaid
backstop; debt is carried at a 0% real rate rather than a borrowing spread; and income and
care needs are independent of the market path.

9. Dynamic inflation and interest rates

The dynamic mode ("Dynamic inflation + rate", src/_rate_model.py ) makes inflation vary year to
year and ties the annuity discount rate to it, so a higher-inflation path produces higher nominal
yields and a larger nominal annuity payout. Because inflation and bond yields are persistent,
correlated time series, the discount rate is modelled with lagged dependence on inflation, plus a
contemporaneous response to each year's inflation surprise (89.2).

9.1 Specification

The design is layered: inflation keeps coming from the block bootstrap of Section 3 (which already
preserves its serial persistence and its pairing with equity), and only the interest rate is added as a
parametric process. The rate partially adjusts each year toward a long-run Fisher target driven by
the previous year's inflation:

i*t=a+b - m_{t-1} (long-run Fisher target)
ut =mt-(c.m+ pm - m {t-1}) (inflation surprise)
it =(1-A) - i {t-1} + X - i* t +vy - u_t + g_t, e t ~ N(O, 0.r2)

a is the real-rate intercept, b the long-run inflation pass-through, A the annual speed of
adjustment, and y the contemporaneous inflation-surprise loading; u_t is the part of this year's
inflation not predicted by an AR(1) on last year's, and €_t the independent residual that remains.
The rate in year t therefore depends on the prior year's rate (weight 1 - A ), the prior year's
inflation (the Fisher target), and this year's inflation surprise. Year 1 is priced at a given initial
("today's") rate i, ( --initial-rate , default 4.3% = the current 10-year yield); the rate is floored
at zero. The surprise response is structural; only _t is random, and a contemporaneous equity
coupling was tested and rejected as regime-unstable (89.2, §9.5).

9.2 Estimation



The model is fit as the reduced form

it=c+p - i {t-1} + 0 - m {t-1} + e_t

by ordinary least squares, then mapped to the structural parametersvia A =1 - p,a=c¢c/ A, b
= & / A.The data are annual averages of the 10-year Treasury constant-maturity yield (Federal
Reserve / FRED series Gs10 , which begins in 1953) [11] and CPI-U inflation [5]; the usable
sample is 1954-2025 (n = 72). rate_model.fit_interest_model() reproduces this fit (the script
src/_fit_rate_model.py prints it and regenerates the focused fit report FIT.md / FIT.pdf ), and
the package defaults are exactly these estimates.

Exhibit 1 — OLS estimates (dependent variable: 10-year yield i_t ):

Term Coefficient Std. error t-stat
constant c 0.00279 0.00202 1.38
i {t-1} (p) 0.83477 0.04238 19.70
m_{t-1} (d) 0.18645 0.04478 4.16

n =72 (1954-2025) - R2=0.927 - adj. R2=0.925 - residual o = 0.79 pp - Durbin—Watson = 1.95.

Mapped to structural parameters:

A=1-p =0.165 (annual adjustment speed)
a=c/ AN=1.69% (real-rate intercept)
b=%&/AN=1.13 (long-run inflation pass-through)
o =0.79 pp (innovation standard deviation)

The lagged yield is overwhelmingly significant (t = 20) and the lagged-inflation term is significant (t =
4.2); the model explains 93% of the variation in the yield, and the Durbin—Watson near 2 indicates
essentially no residual autocorrelation — the lagged specification has absorbed the dynamics.

Contemporaneous inflation surprise. The residual ¢_t above is not white noise with respect to
this year's inflation. Regressing it on the inflation surprise u_t — the residual of an inflation AR(1)
(mt=cm+pmmn {t-1} + u_t;fitted c. m = 0.008, p_m = 0.79 ) — gives aloading y =
0.235 (t = 4.8) that explains about 25% of the shock's variance and is consistently signed across
the inflationary episodes (1966, 1973—-74, 1979-80, 2021-22), not driven by any single year (2022's
own residual is a modest +0.6 pp). The innovation is therefore splitinto € _t = y-u_t + resid_t,
resid_t ~ N(0, o_r2) with o_r = 0.67 pp, SO the total innovation variance is unchanged — a
quarter of it is re-labelled as inflation-driven rather than random — and, because u_t is orthogonal
to m_{t-1} ,the a/b/\ estimates above are untouched. A contemporaneous equity term was
tested and rejected: its coefficient collapses to insignificance once the inflation surprise is included,



and its sign is regime-unstable (the rate residual was positive in the 2022 equity decline but
negative in the 2008 flight-to-quality), so within-year rate/equity co-movement is left to resid_t .
Full diagnostics are in FIT.pdf 85.

10-year Treasury yield: actual vs. fitted (R? = 0.927)
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Residual distribution vs. N(0, 0?)
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9.3 Implied dynamics

The estimates have a clear economic reading:

» Long-run pass-through b = 1.13 is slightly above one, consistent with the tax-augmented
(Darby) form of the Fisher hypothesis.

« Adjustment speed A = 0.165 is small: only about one-sixth of the gap to the Fisher target
closes each year. This is the sluggish short-run pass-through (the Mundell-Tobin / "Fisher
puzzle" effect, §9.4).

« The long-run real rate is = a = 1.7%, and the steady-state nominal rate at 2.5% inflation is
a + b-2.5% = 4.5% — close to both the current 10-year yield and the ~5% that reproduces
live annuity quotes (84.4).

Crucially, because A is small, when inflation jumps the rate lags and the implied real rate i t -
n_t compresses and can go temporarily negative, recovering only as the rate catches up —
exactly the 2021-2022 experience — while the long-run real rate stays near 1.7%. Exhibit 4
illustrates this with a deterministic inflation spike.



Model behaviour: rate lags an inflation spike, real rate dips negative
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9.4 Research basis

The specification follows established findings on the yield/inflation link:

» Fisher relationship [9]. A nominal yield = expected real rate + expected inflation + term
premium; over long horizons the pass-through is roughly one-for-one (cointegration evidence
across OECD countries) — consistent with the fitted b = 1.1.

 Sluggish short-run pass-through (Mundell-Tobin / "Fisher puzzle") [10]. In the short run
the pass-through is well below one, so when inflation jumps, nominal yields lag and the real
rate compresses — captured here by the small fitted A and the lagged inflation term.

» The real rate is not constant — and not always positive [11, 12, 13]. The 10-year TIPS
(market real) yield was negative from December 2011 through ~2013 and deeply negative in
2020-2022 (a record-low —0.93% 10-year TIPS auction in July 2020, around —1.2% in 2021).
On a realized basis the divergence was extreme: with CPI near 7% at end-2021 and a 9.1%
peak in mid-2022 against a 10-year yield of ~1.5-3%, the ex-post real yield was roughly
-5% to —-6%. It is about +2.3% as of mid-2026. The error-correction model reproduces this
behavior endogenously while remaining mean-reverting, so it cannot drift to implausible levels
over a long horizon.

9.5 Usage and caveats

Enable with the "Dynamic inflation + rate" toggle ( us / wor1ld samples, local pricing only); the
Interest rate input sets the starting rate. Caveats specific to this mode:

» The rate is coupled to the contemporaneous inflation surprise (89.2): it reacts within the
year to the part of inflation not predicted by last year's, so the modelled yield rises in the same
year inflation spikes rather than a year later. The residual £_t beyond that surprise response



is drawn independently of the equity draws; a contemporaneous equity coupling was tested
and rejected as regime-unstable (the rate/equity sign flips between inflationary and
deflationary crises — 2022 vs 2008), so within-year rate/equity co-movement is not modelled.

» Parameters are fit on 1953-2025 (the span of the GS10 series), a shorter window than the
1928-2025 equity/inflation data, and assume that historical yield/inflation relationship
continues to hold.

« The model is of the nominal rate; the "larger payout” from higher inflation is largely a nominal
effect, and is deflated away when results are expressed in today's dollars (a level annuity
loses real value faster under high inflation).
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